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Let Ed denote d-dimensional (d 3 3) Euclidean space, and let 
i-2: ={u~E”:uu = l} 
be its unit sphere (UV denotes the scalar product of the vectors u and v). For 
any u E Sz and any real number OL E [0, 1) write 52,~ : = {V E Q : uv > a} 
and w,a : ={vEQ:uv =a>. 
Let f be a real continuous function defined on Q. For d = 3, Ungar [9] 
has treated the following question: Suppose that, for a fixed number 01, the 
integral off over each spherical cap Qu”(u E Q) vanishes; does it follow that 
f E 0 ? It is proved in [9] that the set of values of OL for which this does not 
necessarily follow, is countable and dense in (0, 1) (compare [8] for an exten- 
sion to higher dimensions and to more general functions). 
The object of the present note is to answer a similar question: we consider 
integrals extended over the lower-dimensional spheres wuu instead of sphe- 
rical caps. For a continuous function f on Q write 
f’“‘(u) : = jwxf da, 0 < ry < 1, UE~, 
u 
where 0 denotes the (d - 2)-dimensional measure on wua. We shall prove : 
The set of values of 01 for which f t”) = 0 does not imply f = 0, is countable 
and dense in (0, 1). 
To state a more precise result, let Yn denote the set of spherical surface 
harmonics of degree n in d dimensions. Let CnV be the Gegenbauer polyno- 
mial of degree n and order Y = (d - 2)/2. By N we denote the set of the zeros 
of all Gegenbauer polynomials C,Y(t) (n = 1,2,...) in [0, 1). w is the measure 
on Sz. 
THEOREM. Let f be a real continuous function on .Q. Letf w = 0 on Qfor a 





fs, dw := 0 
for each sphericaE harmonic S, E Yn the degree n of which satisfies Cny(~) f 0. 
On the other hand, ij Cnv(m) = 0 and if S, E Yn , then S,‘l”’ = 0. 
Hence, by the completeness of the system of spherical harmonics, j(“) ::z 0 
implies j = 0 if 014 N; if, however, OL is one of the countably many numbers 
of N, then there exists a spherical harmonic j + 0 for which jca) = 0. That N 
is dense in (0, 1) may be seen from the following argument (compare 
Sansone [7], p. 188): 
If we put z(v) = (sin v))” C,“(cos v), then the second order linear differen- 
tial equation which is satisfied by the Gegenbauer polynomial Cnv(t), is 
transformed into 
2” + [(n + v)” - V(V - 1) (sin IJJ)-~] x = 0. 
Let 0 < a < 6 < ~12, and consider the function 
y(y) = sin rr(b - a)-’ (fp - a), 
which satisfies y(a) = y(b) = 0, y(v) > 0 for y E (a, b), and 
yn + 73(b - a)-2y = 0. 
If we choose n so large that 
(n + v)” - v(v - 1) (sin v)-” > rr2(b - a)-” for v E (a, b), 
then, by Sturm’s comparison theorem, we see that x must have a zero in 
(a, b). 
As another consequence of the above theorem, we mention the following 
known result: Ij j is an even continuous junction on Sz with f co) = 0, then 
f = 0. In fact, we have C,“(O) f 0 for even n, and 
s jS, dw = 0 R 
for odd n, if j is an even function; hence (1) holds for each S, E Yn 
(n = 0, 1,2,...) if jt”l) = 0. For d = 3, this theorem, which admits several 
geometric applications, was first proved by Minkowski [3]; compare Funk [2], 
Bonnesen-Fenchel [I] (p. 136-138) for other proofs, and Petty [5] for general 
d > 3. Petty’s proof relies on geometric results derived earlier in [5]; a direct 
analytic proof might, therefore, be of interest. 
PROOF OF THE THEOREM. The first part of the theorem is a consequence 
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of the following identity (2). Let S,, E 9% and letf be a real continuous func- 
tion on Q, then 
s, f '"'S,, dw = UJ+~( 1 - c2)v Cwv(l)-l Cm+) j-, fS, dw, O<a<l, (2) 
where wdeI denotes the total surface area of the unit sphere in P-l. 
To prove (2), write each v E Q in the form 
v = tu + (1 - ty 00 with vo E %O, t = uv, 
where u E D is fixed. There exists (see, e.g., Miiller [4], p. 22-28) a complete, 
orthonormal system (Sn,& of spherical harmonics of degree 11 of the form 
Sn,j,k(v) = A&t) s~,~(v~), j = 0 ,..., n, k = l,..., N(d - 1,j) 
with certain functions A,,(t); here s~,~(v~) (v. E w,O) is a spherical harmonic 
of degree j in d - 1 dimensions, and I?(d - 1, j) is the maximal number of 
linear independent functions of this kind. About the functions A,,(t) (which 
may be expressed by means of Gegenbauer polynomials) we need merely 
know that 
44) = 0 for if0 (3) 
(as follows from [4], p. 27), and that 
&o(t) = %.nGW (4) 
with certain constants qtn (compare [4], p. 23, and the footnote on p. 33). 
Let S, E Sp, , then S,(v) can be represented as 
12 Nk-1.97 
S,(v) = 2 c cn,Lk&,&4 %,k(VO) 
j=O k=l 
with certain constants c,,?,~ . This representation yields 
(where now u denotes the measure on w,O). As a special case of the orthogonal- 
ity relations for spherical harmonics we have 
s ~uc(vo) d+o) = 0 
for i f 0, 
4 
and since so,r = const., we get 
sy<u, =cn.o.1ALo(4 (1 - a2)v %-lSO,l . 
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By (3) we have 
a4 = cn,0,14,0(1) so.1 7 
hence (4) leads to the equality 
sy(u) = W&r(l - aa> c,“(l)-’ Cny(LX) &(u), 
valid for arbitrary u E Q. 
This formula, by the way, proves the second assertion of the theorem. 
For d = 3, this assertion was already mentioned by Radon [6]. 
Using (5) and the orthogonality formula for spherical harmonics, we see 
that (2) is true in the special case wherefis a spherical harmonic. Hence (2) 
is true if f is a (finite) linear combination of spherical harmonics, and since 
any continuous function on Q can be uniformly approximated by such linear 
combinations, (2) is true for general continuous f. Thus the theorem is 
proved. 
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